We show that every abelian topological group contains many interesting sets which are both compact and sequentially compact. Then we can deduce some useful facts, e.g.,
Seeing the Tychonoff's product theorem, the following theorem is a direct consequence of Theorem A.
Theorem B.
( [2, Corollary 3] ) Let X be a topological vector space and {x j } a sequence in X such that ∞ j=1 t j x j converges for each {t j } ∈ l ∞ = {{s j } ⊂ C: sup j |s j | < +∞}. Then the set { ∞ j=1 t j x j : sup j |t j | 1} is both compact and sequentially compact and hence, letting T ({t j }) = ∞ j=1 t j x j for {t j } ∈ l ∞ , T : l ∞ → X is both a compact and sequentially compact operator, i.e., for every bounded B ⊂ X, T (B) is both compact and sequentially compact.
With the aid of Theorem B, [2] has obtained a very nice result as follows: Theorem 4] ) For a sequentially complete locally convex space X , the following (a), (b) and (c) are equivalent: 
Then we have the following basic proposition.
Theorem 1.
Let Ω be a compact (resp., sequentially compact) space and G an abelian topological group
As in the proof of [2, Cor. 2], Lemma 1 implies that F is continuous. Then the desired conclusion follows from Tychonoff's product theorem and the diagonal procedure. 2
Even some simple special cases of Theorem 1 can have interesting applications, e.g., Ω = {t ∈ C: |t| 1} is both compact and sequentially compact and so we have
Corollary 1 (Theorem B). Let X be a topological vector space and {x
j } ⊂ X. If ∞ j=1 t j x j converges for each bounded {t j } ⊂ C, then { ∞ j=1 t j x j : sup j |t j | 1}
is both compact and sequentially compact.
Let G be an abelian topological group, {x j } ⊂ G and ⊆ N. For = ∅, let j∈ x j = 0 and for
Corollary 2. Let G be an abelian topological group and {x j } ⊂ G. If j x j is subseries convergent, i.e., j∈ x j converges for each ⊆ N, then the set { j∈ x j : ⊆ N} is both compact and sequentially compact.
Proof. As a subspace of R, Ω = {0, 1} is both compact and sequentially compact. For each j ∈ N, define f j :
Then the desired conclusion follows from Theorem 1. 2
For the range of a vector measure, there is a nice Uhl's theorem saying that if X is a Banach space with the RadonNykodym property and Σ is a σ -algebra of subsets of a set S and μ : Σ → X is of bounded variation, nonatomic and countably additive, then μ(Σ) = {μ(A): A ∈ Σ} is compact in X ( [5] , [6, p. 266 
]).
It is interesting that a very strong result holds when the σ -algebra is 2 N = {A: A ⊆ N}. (1) j x j is subseries convergent; (2) F is compact; (3) F is sequentially compact; (4) F is both compact and sequentially compact.
Proof. (1) ⇒ (4)
. By Corollary 2, (1) implies that S = { j∈ x j : ⊆ N} is both compact and sequentially compact. Since X is Hausdorff, S is closed and so F ⊆ S = S ⊆ F , i.e., F = S. Thus, (1) implies (4).
is not Cauchy, then there exist U ∈ N (X) and integers 
is a Cauchy sequence in the compact F . Since compact F is complete [8, p. 88 
(3) ⇒ (1). Since F is sequentially compact, F is countably compact [9, p. 125] and so F is totally bounded [8, p. 86] . Hence, as in the proof of (2) ⇒ (1), for every
is Cauchy in the sequentially compact F and so there is a sequence of integers n 1 < n 2 < · · · such that
Note that Robertson has established a series of basic results connecting convergence of series and compactness of finite partial sums in [10] and [11] . 
(ii) F is compact; (iii) F is sequentially compact; (iv) F is both compact and sequentially compact. Similarly, (iii) ⇒ (i) holds. 2
For a locally convex space X and its dual X , let F (M) be the Dierolf topology on X . F (M) is the strongest X, Xpolar topology on X which has the same subseries convergent series as the weak topology σ (X, X ) [12, Theorem 2.2] . In general, the weak topology σ X, X ⊆ the locally convex topology on X ⊆ the Mackey topology τ X, X
⊆ the Dierolf topology F (M).
We have the following invariant result. 
